A unified small-signal model of a wind power system is developed in this paper to study the small-signal stability of permanent magnet synchronous generator (PMSG)-based wind turbines connected to the power grid. The model is composed of both mechanical system and electrical system. A two-mass shaft model for the mechanical system is provided to analyze the dynamic and steady state behaviors. Meanwhile, PMSG, converter system and transmission line of the electrical system are modeled separately to build a unified small-signal model of the PMSG-based wind power system. Then, based on the unified small-signal model, eigenvalue analysis for the whole system is presented, which helps discover the relation between different modes and state variables. Cases involving various series compensation degrees, length of transmission lines and the stiffness of shafts are carried out to study how the modes are influenced by relevant variables specifically. The relatively independent modules of the unified small-signal model allow for easy expansion and modification for various research purposes. The simulation results show that the mechanical and electrical systems of PMSG-based wind turbines are independent to some degree with the implementation of a full-scale converter system.
Introduction
As a prospective renewable energy source, wind power experienced the greatest growth from 2010 to 2011 among all renewable energy, with the capacity totaling 238GW worldwide. In addition, more than 20% of global electricity is predicted to be supplied by wind power by 2030 [1] . Various topologies of wind turbines have been developed, mainly including fixed speed induction generator (FSIG), doubly fed induction generator (DFIG) and permanent magnet synchronous generator (PMSG) system [2] [3] [4] . The large-scale of wind turbine generators (WTGs) is raising severe concerns on the interaction between their mechanical and electrical systems.
PMSG-based WTGs are widely adopted in offshore wind parks for their high efficiency, low maintenance costs and high reliability [5] . For grid-connected WTGs, torsional vibration of the mechanical systems can be excited by grid faults. The vibration may lead to shaft faults if the mechanical damping of wind turbines cannot compensate the negative damping of electrical systems [6] . In [7] , a lumped mass model of a FSIG is developed and the simulation results showed that the FSIG system is excited by wind speed and gear mesh stiffness fluctuations, which can reduce the lifespan of wind turbines. In [8] , the simulation results indicate the torsional excitation can be potentially mitigated for DFIG with the de-coupled control of the generator speed and terminal voltage. In [9] , a coupled electromechanical model of a PMSG-based wind turbine is presented and it is found that proper rotor construction can reduce mechanical vibrations effectively. In all aforementioned work, the study of torsional vibrations of WTGs is mainly on the mechanical system, while the influence from electrical and control systems is neglected.
The eigenvalue analysis on a small-signal model of WTGs is an effective way to analyze their oscillation modes. The relative participation of system components in the oscillation modes is measured by participation factors [10] . The sensitivity analysis on eigenvalues values can also facilitate parameter design for the wind power system. Because of the distinct advantages, a significant bunch of research has been focused on small-signal stability analysis of WTGs. In [11] , based on the small-signal model of a FSIG, a frequency response approach is used to evaluate the sensitivity of system modes to system parameters. In [12] , a complete dynamic equation of a FSIG system is derived and the relation between its dynamic modes and state variables are studied through eigenvalues analysis. In [13] , a DFIG system is formulated as a multivariable feedback system and a new performance robustness criterion for performance evaluation is provided. In [14] , a tuned damping controller is designed and its impact on different operating conditions of a DFIG-based generator system is investigated. However, little research exists on the small-signal modeling and analysis of PMSG-based wind power systems. Although the small-signal stability of PMSG-based wind power system is assessed in [15, 16] , they do not consider the interaction between its mechanical system, electrical and control systems. This paper focuses on the small-signal modeling of direct-driven PMSG-based wind power systems, based on which the shaft torsional vibration and other oscillation modes are investigated through eigenvalue analysis. The mechanical system of a PMSG-based wind turbine, including the windmill blade, the low-speed shaft and the generator rotor, is lumped into a two-mass shaft model. Generally, the PMSG is connected to the power grid through a back-to-back converter [17] . Given the high electricity losses of power electronics and the low efficiency of a back-to-back system, this paper adopts the converter topology in [18] , which consists of a diode rectifier, a DC chopper and a voltage source inverter (VSI). The new converter topology allows for specific harmonic elimination and gives high efficiency and flexible control. The PMSG and transmission lines (including transformer) are also modeled in the model. In this way, the PMSG-based wind power system is modeled with several independent modules, which can be easily expanded and modified for specific research purposes. The validity of the unified small-signal model is analyzed through engenvalue analysis.
The main contributions of this paper are: 1) developing a unified small-signal model for a PMSG-based wind power system with separate modules; 2) conducting sensitivity and modal analysis to evaluate the influence of mechanical and electrical parameters on small-signal stability of a wind power system; 3) the small-signal model composed of separate modules is easily adjustable for different research purposes.
The rest of this paper is organized as follows: Section II presents the small-signal model of a PMSG-based wind power system. The small-signal model for controllers is discussed in Section III. Sensitivity and modal analysis are conducted in Section IV. Finally, conclusions are drawn in Section V.
Model of Grid-connected Wind Turbines
The schematic diagram of the studied PMSG-based power system is shown in Fig.1 . As seen, the system has four parts: a two-mass shaft model, a PMSG, a converter system and a transmission line. The PMSG is directly driven by a wind turbine and the output power is delivered to the grid through a converter system and a transmission line (including the transformer and cable). To reduce the order of the system, the transformer is modeled as a RL (resistor and inductor) line and the cable is modeled as a RLC (resistor, inductor and capacitor) line. The converter system consists of a diode rectifier, a boost-up DC chopper and a voltage source inverter (VSI). For a direct-driven PMSG-based wind turbine, the mechanical system is composed of a windmill blade, a low-speed shaft and a generator rotor. According to [19] , a rotational system can be modeled as a multi-mass system to reflect its mechanical characteristics. A two-mass model for the mechanical block is thus adopted, shown in Fig.2 . In Fig.2 (b) , the first lumped mass represents heavy and big blades, and the second lumped mass represents the low-speed shaft and the rotor of the PMSG. The nomenclature of variables in Fig.2 is as follows: i) w T is the aerodynamic torque from the wind turbine; ii) e T is the electromechanical torque from the generator; iii) 1 J and 2 J are the moments of inertia of blades and generator rotor respectively; iv) 1 D and 2 D are the damping of blades and generator rotor respectively; v) 12 K and 12 D are stiffness and damping coefficient between blades and generator rotor respectively.
Based on Hooke's law and Newton's second law, the two-mass shaft model of a PMSG wind turbine can be expressed by the following linearized equation: 
Model of a Permanent Magnet Synchronous Generator

1) Untransformed Model of a Three-phase PMSG
The schematic model of a salient-poles PMSG is shown in Fig.3 [20] . The general expression of the electromagnetic torque is given by:
where p n is the number of pole pairs. 2) Transformed Model of a PMSG in Dq-reference Frame In this paper, a PMSG is modeled in dq-reference frame, which can be obtained from (3) 
where sd The flux linkage equation can be written as:
where sd L and sq L are the inductance of stator windings against the d-and q-axis respectively; rd ψ and rq ψ are the flux linkage of rotor windings against the d-and q-axis respectively. Using the Park transformation, the electromagnetic torque obtained from (4) 
When d-axis is magnetically centered in the center of the north pole, the flux linkage is
For a non-salient pole PMSG adopted in this paper, the relationship between d-and q-axis inductance is
Based on (5)- (9), the standard state space equations for a PMSG with fluxes as state variables are:
where subscript G refers to PMSG. Other parameters in (10) are represented as follows
where b ω is the base angular velocity of the system; subscript "0" denotes the initial values of variables in steady state. Figure 4 . Schematic diagram of a converter system.
Model of the Converter System
The schematic diagram of the converter system is shown in Fig.4 , which is composed of a diode rectifier, a boost-up DC chopper and a VSI. The active power of the PMSG is controlled via chopper duty ratio. The inverter control is implemented to maintain the DC link voltage stable and minimize the reactive power injected to the grid.
The power balance equation of the converter system is expressed as
The dynamic small-signal model of the converter system can be deduced by linearising (11 
Model of a Transmission Line
The transmission line is shielded cable, which is usually equipped with a series compensation capacitor to improve the power transfer capacity. For the convenience of study, the transformer and the transmission line are modeled as an equivalent RLC line. The standard state space equations are
where subscript RLC refers to the transmission line.
Other parameters in (13) are represented as follows
where X is the reactance of the cable; C X is the reactance of the series compensation capacitor.
Small-signal Model of Controllers
The controllers are composed of two parts: a boost-up DC chopper controller and a VSI controller. In this section, small-signal model for controllers are introduced and the unified small-signal model for the whole wind power system is derived.
Model of the Boost-up DC Chopper Controller
The small-signal model of the boost-up DC chopper is designed based on the equivalent small-signal circuit in [21] , shown in Fig.5 . d ∆ is the small deviation of duty ratio and the model can be expressed as:
where L L u − is the output line-to-line voltage of the generator. j , r and g can be obtained from (15 
where in V and dc V are the steady-state voltage of 1 C and C respectively; D is the steady-state duty ratio; s T is the switching period; P is the rated output power;
The control scheme of DC chopper is shown in Fig.6 , which is composed of two control loops. The outer loop is used to control the output power of PMSG and the inner loop to control the input current of DC chopper. Figure 6 . Control scheme of the DC chopper.
By linearising the control scheme, the standard state space of the DC chopper with 1 x and 2 x as state variables is [ ]
[ ]
Model of the Voltage Source Inverter Controller
The schematic diagram of the grid-side VSI controller is shown in Fig.7 . The control system is composed of four control loops, two outer loops to control the DC-link voltage and reactive power, and two inner loops to regulate the dq-axis grid current. Through linearising the control scheme, the standard state space equations of Fig.7 are:
where subscript g refers to the grid-side VSI.
Other parameters in (17) diagram is illustrated in Fig.8 , showing the interaction among each system component. (2), (10), (12), (13), (16) and (17), the small-signal model of the whole wind power system can be obtained, given in (18) .
where
Through calculating the eigenvalues of state matrix A, all the system modes and participation factors can be obtained. Then eigenvalue and sensitivity analysis can be conducted to analyze the small-signal stability of the PMSG-based wind power system.
Case Study
Based on the models developed in Section II and Section III, a small-signal model of a 2-MW, 690-V PMSG-based wind turbine is established in MATLAB/SIMULINK. The eigenvalues of the system state matrix A are calculated and only those oscillation modes are presented in Table 1 . As seen, there are four oscillation modes in total and the system is stable after small disturbance because all eigenvalues have negative real parts.
Eigenvalue Analysis
In Table 2 ,the participation factors which measure the relation between the oscillation modes and state variables are presented. Here, , so they are mainly affected by transmission line inductance and series compensation capacitor. 3, 4 λ and 5, 6 λ are also associated with 3 x ∆ to certain degree (with participation factors 0.0025 and 0.0018 respectively), which is the state variable of the DC link. Thus, 3, 4 λ and 5, 6 λ are electrical oscillation modes. 7, 8 λ are highly sensitive to 3 x ∆ and 7
x ∆ , so they are mainly affected by the DC link and the control system of the VSI. In addition, 7, 8 λ are also influenced by ∆ to some extent (with participation factors 0.0498 and 0.0439), which are the control systems of the DC chopper and the VSI respectively. 7, 8 λ are also electrical oscillation modes, which are mainly affected by the control system. The oscillation frequency of 7, 8 λ is lower than 0.1 Hz, which has limited impact on the system and thus is neglected in the study.
Effect of Electrical and Mechanical Parameters on Oscillation Modes
1) Effect of series compensation capacitors
To study the effect of series compensation capacitors, series compensation degree in this paper is defined as:
By varying se k from 0.05 to 1 with the 0.05 step and keeping all other system parameters constant, the traces of damping ratio and oscillation frequency of the three oscillation modes are shown in Fig.9 .
As shown in Fig.9 (a) , the oscillation frequency and damping ratio of 1,2 λ remain constant with se k increasing from 0.05 to 1. The result can be explained using Table II , for the participation factors of the series compensation capacitor in the 1, 2 λ mode are zero. It can be seen that the compensation degree will not influence the natural frequency of the shaft. As for the modes 3, 4 λ and 5, 6 λ in Fig.9 (b) and (c), they are both highly sensitive to se k . When se k increases from 0.05 to 1, the oscillation frequency of mode 3, 4 λ increases but the damping ratio decreases.
Though the system is still stable during the process, high series compensation degree will result in low damping and high oscillation frequency, which is harmful to the system and thus should be avoided. The oscillation frequency of mode 5, 6 λ decreases but the damping ratio increases as se k increases until it reaches 0.8. When se k varies from 0.85 to 1, 5, 6 λ enter into an evanescent mode. Therefore,
proper series compensation degree can promote system stability. Oscillation frequency (Hz) D a m p i n g ra tio λ remain constant as the length of transmission line increases. It indicates that the electrical system will not influence the natural oscillation frequency of the shaft. In Fig.10 (b) , the damping ratio of 3, 4 λ decreases with the length of transmission line increasing and the oscillation frequency reaches a maximum of 92.348Hz when the length is 11km. When the line is longer than 11km, the oscillation frequency of 3, 4 λ begins to decrease. The oscillation frequency of 5, 6 λ keeps decreasing, as shown in Fig.10 (c) , and the damping ratio reaches a maximum of 0.364 when the length is 8km. After the summit, both the frequency and damping ratio decrease with the increasing length of the line. As shown in Fig.10 , the damping ratio of 3, 4 λ decreases distinctly and that of 5, 6 λ increases to some extent at the same time.
Thus, a reasonable length of the transmission line can be determined by using this study when needed.
3) Effect of the Torsional Stiffness of the Shaft
By varying the torsional stiffness of the shaft from 0.5 12 K (shown in the Appendix) to 1.5 12 K , the traces of the damping ratio and oscillation frequency of all three modes are shown in Fig.11 . Figure 11 . Traces of damping ratio and oscillation frequency of the three modes (torsional stiffness of the shaft ranges from 0.5 to 1.5 K12).
As shown in Fig.11 (a), 1, 2 λ are apparently influenced by the stiffness of the shaft. As the stiffness increases, the oscillation frequency of 1, 2 λ increases accordingly with a decreasing damping ratio. The reason is that the mode is highly sensitive to the angular position and speed of the shaft. Also, high shaft stiffness could lead to high natural oscillation frequency and low damping. From Fig.11 (b) and (c), it is found that; i) modes 3, 4 λ and 5, 6 λ are not affected by the stiffness of the shaft; ii) the two modes have little association with the mechanical system. The results comply with those in Table II. Figs.9, 10 and 11 show that the electrical system of the PMSG-based wind turbine is isolated from the mechanical system effectively by the converter system. Thus, the disturbance in the electrical system will not affect the mechanical system, vice versa. This is key to prompting the increasing application of PMSG-based wind power systems.
Conclusions
A unified small-signal model for PMSG-based wind power systems is established in this paper. A small-signal model is used for eigenvalue and modal analysis, and the relation between different modes and system parameters is extensively. From the demonstration, the conclusions are summarized as follows.
1) The mechanical system of PMSG-based wind turbines is rather stable and electrical parameters, such as series compensation degree and length of the transmission line, will not influence the natural frequency of the shaft. However, both the damping and natural oscillation frequencies of the mechanical system are highly sensitive to the shaft stiffness.
2) Both series compensation degree and length of transmission lines influence the electrical oscillation modes, which determine the small-signal stability of the system after disturbance. This study stands out as a good approach to determine the electrical parameters for improved system stability.
3) The mechanical and electrical systems of PMSG-based wind turbines are independent to some degree, when full-scale converter systems are used. The distinct characteristics can prompt the wide application of PMSG-based wind turbines in the future.
4) The small-signal model integrated with relatively independent modules proposed in this paper is easily adjustable for other research purposes.
